COPY 7 of _/ COPIES

604059

- —

PR

Lo 059G

DDC

!U@ e Q{m
T '3

DDCIRA D




T

e

VanD

CN THE POWER FUNCTION OF A SIGN TEGT
FORMED BY USINC SUBSAMPLES

Jonn E. Walsh
Douy.ac Alrcreft Co.. Inc.

Corporas

(@]

Feprodgured by

n ® Sgnta Mon (a e (Calitorn o

The views expressed n this paper are not necessarilly those ot the Corporation




ON THE POVER FUNCTION OF A £IGN TEST
PORMED BY USING SUBSAMPLES

By John E. Walsh

~ Douglas Aircraft Co., Inc.

1. Summary. The sign test can be used to obtain csignifi-
cance tests for the population median under extremely general
conditions.. One disadvantage of the sign tes* for the median is
the limited ndpber of suitable significance levels available for
8 giyenwnumber\pf observations. If the observations ere drawn as
several subsets of specified sizes, however, a varietion of the
sign test cen be applied using order steatistics of order stntistiics
of these subsets. This test furnishes a much wider variety of
suitable significance levels and is valid deer the same conditions
as the sign toet.\\éhe purpose of this-ggée is to investigate the
power efficlency of the significance tests for the medien forzed
in thic way for the perticular case in vhich each observation is
drewn from the same normal population., For the cases considered,
it 1s found that the pover efficiency is slmost always decreesed
by using two or more subsets rather than all the obs~»rvetions as
a single set; sometimes this decrease in pover efficlency is very
lerge. Also, for a given significance level, it is found thst the
power efficiency cen vary noticeably with the manner in which the

/7

test 1is formed, L

\,

2. fStatement of conditions and tegtgs Consider n independért

observations drawn from n (possibly different) populations which

sstiefy the oonditions
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(1) Escn populstion has a8 unique median
(11) Each population is continuous at the median
(1.e. its cdf 1s continuous at the median).
(111) The median of each population has the same value
The following significance tests compare /P with a given value Po
through use of these n observstions.
Let x(1fn),..., x(n|n) represent the valuegof the n observa-
tions arranged in increesing order of msgnitude. Then the one-

sicged sign test off(ﬂis defined by

(1) hccept P<fLL x(1|n) < £,.
The significance level of this test is equal to
n
(2) Pr[x(1|n)< = (HD ~—n___ .
(x4l p) %{‘ sl (n-8)1

The one-sided sign test of f))% is defined by

(3) Accept P> @ if x(ntl-1(n)> 7, .
The significence level of this test is slso given by (2).

An eGual tell sign test ot‘ff;ﬂo 1s given by

(4) Accegtf’;ﬂ 1f either x(1|n)<}t)o or x(n+1-1|n)7fo, (1>n} 1)
The significance level of this test is equal to twice the value

of (2).
Now suppose that the n independent observations were drawn s
r subsets, the kth subset being of size n, (kel,..., rsn;Nenj¢...tN.).

Then, for givenOq, PrEt(O&!nk)<f>] can be computed for the kth
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subset by the use of (2). Let 71 he the jth largest of x(dll nl)
»

...,x(drlnr). Then tr> values of Pr(yu<7) and Pr(yud’(yv) csn be
deterzined from elementary probability considerstions by using the
values of the Pr[:x(dklnkkf]and the fact that the subsets are é
independent. By appropriaste choices of r, the n, thedk, u, and v,
significance tests with a8 wide variety of suitable significance

levels can frequently be found.

The subset tests considered here &re restricted to t»e following:

(5) Accept F< @ 1f mex Ex(dklnk);kzl,...,ﬂ(f. .
The significance level of this test equals v

r
(6) T pr(xlty |m)< p].

The one-sided test of £ > @ 1s

(7 Accept P)ﬂ_i_f_ min[x(nkq.l-dklnk);k-l,...,ﬂ)fo =
The significance level of this test is also equsl to (6).
The equal tail test of f’#ﬂ, is defined by -

Accept 4 f Af either max E(a& |t&);k-1,...,r (g.

(8)
or min Er(nku—dklnk);k-l.---.ﬂ) #, - |

The significance level of this test is equal to twice the value

of (6).
3. Significance levelgs. Examination of the resuits of section

' 2 shows that the significance levels of ell of the tests (1), (3),
(4), (5), (7), (8) are determined if the significance levels of
tests (1) and (5) are known. Thus it 1s sufficient to restrict '

significance level consideratiorns to tests (1) snd (5).
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From 8 practical viewpoint, the important significarnce levels
for cne-tgided tests are in the .05 - .005 rsnge. Table 1 contains
8 lict of the tests of type (1) which hsve significance levels nesr
this renge for nfl5. It is seen that suitable significence levels
are nct svailstle for ncj. Also tnere 1s a very limited cholice of
saticfactory levels for all velues of o from 4 to 15 inciucive.

i{ the n observations sre drawn &s subsets, suitable sigrnifi-
cance levels are ctilil not evaila le for n<4. For nz6, however, &
greater variety of satisfactory levels can be obteined. 1In practice
the .05, .025, .01, .00U5 signifi _ance levels asre of particulsr iz~
portance. Teble 2 shows huw closely these levels can be spproxicated
for test (5). The approximztions can be made very close for DelZ
ard et least &s good for n»lz.

Thus, if the observestion:s are not drawn as subsets, the nuzlter
of suitasble significance levelis is very limited. Drawirg tre ctserva-
ticns as subsets furnie-es meny azcre setisfactory significerce levels.
Exazinrtion of the power efficiencies listed in Tebies 1 sna < snows,
novever, thet noticeable efficliercy cen be lost by using the sudbget
aruwirg procecure if tne observationg are a stmple frox 8 rnorcsl
PC, diation,

L. rover efficiern~; gerivetions. The power efficiency of @

significence tect ic cefined 1n[:l]. rssentially the power effici-

ency of & signiricancgziéuals 1060 2/r %, where n is the saxple size

for tne given test &nd m is the se~ple size (not necessarily inte-
ral) of the corresponaing most powerful tect st the seme cignifi-

cance level whose power function is approximstely the sszme &8s that

of the given test.
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For one-sided tests of f< f,,f?ﬁ and symmetricel tests of
f#g, the most poverful test for a s&tmple from a normsl population
(urknown varisnce) is the appropriete Student t-test. Also it is
sufficient to limit investigations to the one-sided tests (1) and
(5). As shown in[1]), tests (3) snd (4) have the saze pover .
efficiency as (1) while tects (7) and (8) have the same power
efficiency as tect (5).

The power efficiencies listed in Table 1 were obtained froz
[l, Table Q end will not be derived here.

Let the Borxzal populetion heve varianceo':z and consider test (5)

IR ECNISEY Y
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Tre power functior values for test (5) listed in Table 3 were
cozpated frem (9). The correspondirg t-test pover function values ‘
vsere otteined by ucing the nor-al epproximetica given in EZJ . The

rower efficlencies listed in Teble 2 were obteiried from the results of




Table 3.

Examination of Tables 1 and 2 shovs that @ substantisl acount of
.nforaztion can be lost by using a test of the form (5) rather trzn
of the form (1). The asymptotic recults of [3] show thzt test (1)

{s zlways at least 63.7f efficient. Eome of the tests of Table 2,
however, sre only slightly more tnan L0f efficient. On the cther
nzrd, soxze tests of type (5) heve approximstely the ssme power
efficlency as the corresponding types (1) tests. For exazple, the

test

Accept #< £, if max [x(Bl?),x(ZlBﬂ( fo

cozperes very favorably with the corresponding type (1) tests.
Trhis shows that the use of test (5) should not be ccxpletely svoicded
tut thst the power efficiency of a test of this type choula be
investigeted before that test 1s considered for applicsticn.

Tests hzving the saze significance level and bssed on tne
saze totel nu~ber of otservations csn have 8 wice variety of power
efiiclencies depe ding on the way in which the test i: for:ec,.
Corcicer the case of significance level .0175 and n = 15. Tsble
4L ccntzins tne power efficlencies of six tests formed in alfferent

ways. These tests vary from 4z% tc 74% efficient. Use of the test

-

Accept fc f, 1£ mex [x(4]7,x(1|2),x(2]2),x(4]0)] <f,

resuits in the loss of 8.7 sample valiues while only 3.85 ssexple

values ere lost by using the test

Accept f< f AL x(12|15) <, .
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It is to te observed that tie above power efficiency
investigations ere bssed on the assumption that the n observations
tere 8 sampie from 8 norm-1l populetion. If there is no resson to
telieve trzt the n otservations ccre from the same normal populsation,
tre pcwer efficiencies licted in Tsbles 1 snd 2 may ‘e far froz the
true values, The te~ts formed by drawing the observstions as sub-

sets zight te very efficient for certs:in non-rormal situatlosns.
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TAHLE 1

Type (1) Tests with Significance Levels Near the .05 = ,005 Ranpe

Test

—rx(l.lh)< P
x(5]5)< @,
x(6}6) < @, .0156 o5t |
(7)< Po .0078 95% x(6]7) <@ .0625 £0%
x(818)< @o 0039 955 || x(78)<@, | .0352 6o
x(819)< @, .0195 82¢
x(9110) < @, .0107 80% x(8]10) L @, 0547 75%
x(10|11)< @, .0059 e1% x(911)<QP, | .0327 76%
x(0[12) ¢ @ 0193 75%
x(11113)¢ @, .0112 75% x(10{13) @ | .0462 70%
x(12| 1)L @, . 0065 8% x1|L)L P | 0287 (£
x(13|115)< @, .0037 78% x(12|15) @, L0175 K
x(11]15) < @, .0593 70%
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TATLE 3 (Cemedueded)

Sz 1 Approx,| Sifpif= | approximate Values of jover b oot
Siimiificance Test PAE ) bffi- | icance 5= §e; 2 2=
viz0 ciency Level ‘.6 ., .2 é e,.t O Tl
t- 8 0001‘9 0089 ole 08(»‘6 79\:‘
LA T<
[ x\L,B/,x(le),x(SlﬁlJ @ | 12 et | oouy | .15 | o.er 8u | 5w
L —
| t 8.75 .0098 8y | .00 9% |
& ,
!Z-.'.' X\alg),1(2131 (?‘ 12 73‘ .0098 0203 0699 0959
[ A
i
|' t 5.5 0254 .189 o5 15 .8%6 950
l:u,;‘):(Z!ﬁ/,x(Zi3),x(l¢l&)‘(? 12 L5% L0254, . 220 .588 .85y 565
! L I i _j o
| t 6 .0508 .353 | .81 .933 l
_ |
" A\zz,,,x(clvv,J(? 12 | 0% .0508 | .376 | .808 973 ;
\ *
|
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